On Finding Best Rational Approximations

In systems utilizing inexpensive microcontrollers, a common technique for
eﬃciently implementing a linear scaling f (x) = rx from an integer domain to
an integer range is to approximate a real number r by a rational number h/k.
The linear scaling can then be implemented using a single integer multiplication
instruction followed by a single integer division instruction, i.e.1

g(x) =


hx
.
k

(1)

As an example of this technique, using an inexpensive microcontroller that
has machine instructions to multiply by a single unsigned byte or divide by a
single unsigned byte, we might wish to convert from integral miles-per-hour to
integral kilometers-per-hour. We would want a rational number h/k which is as
close as possible to the ideal conversion factor (1.6093), but with the restriction
that neither the numerator nor the denominator can be larger than 255 (the
maximum single-byte value accomodated by the machine instructions). The
best rational approximation h/k under these constraints is 243/151—but how
do we ﬁnd this rational number? How do we go from the ideal conversion factor
(1.6093) to the best rational number (243/151)?
In this article, we consider the general problem of choosing a rational number
h/k as close as possible to an arbitrary real number r, subject to the constraints
h ≤ HM AX and k ≤ KM AX. We require constraints on the numerator h and
denominator k because machine instructions are always limited in the size of
the operands they can accomodate.
The problem of economically choosing a rational number as close as possible to an arbitrary real number is a counterintuitively diﬃcult problem. The
arrangement of rational numbers on the real number line is a topic from number theory (a branch of mathematics). In this article, we present a concrete
procedure for ﬁnding best rational approximations.
By rational number, we mean a number that can be expressed as a fraction,
such as 243/151. By irreducible rational number, we mean a rational number
that is in lowest terms—no common factors can be divided out of the numerator
and denominator. By best rational approximations, we mean the two irreducible
1 Throughout this article, we use the notation   to denote the floor function, where z
is the largest integer not larger than z. For example, 1.9 = 1 and 2 = 2. In equation (1),
we use the floor function to indicate that the remainder of the division is discarded.
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rational numbers of the form h/k enclosing r (the number we wish to approximate) which meet the constraints h ≤ HM AX and k ≤ KM AX.

The Farey Series
Although this article considers rational numbers of the form h/k with both
numerator and denominator constrained (h ≤ HM AX and k ≤ KM AX),
it is helpful to ﬁrst consider what rational numbers we can form with only a
constrained denominator (k ≤ KM AX). The ordered set of irreducible rational
numbers in the interval [0,1]2 that can be formed when only the denominator
is constrained (k ≤ KM AX) is a standard set in number theory, and is called
The Farey Series. The order of the Farey series is the maximum denominator
allowed. The Farey series of order N is denoted FN . For example, the Farey
series of order 5, denoted F5 , is

F5 =

0 1 1 1 2 1 3 2 3 4 1
, , , , , , , , , ,
1 5 4 3 5 2 5 3 4 5 1


.

(2)

Given two consecutive terms in FN (hj−2 /kj−2 and hj−1 /kj−1 ), the next
term can be calculated using the following equations ([9, p. 83]):

kj−2 + N
hj−1 − hj−2
kj−1

(3)


kj−2 + N
kj =
kj−1 − kj−2
kj−1

(4)


hj =


Similarly, given two consecutive terms in FN (hj+1 /kj+1 and hj+2 /kj+2 ),
the previous term can be calculated using:



kj+2 + N
hj+1 − hj+2
kj+1

(5)


kj+2 + N
kj =
kj+1 − kj+2
kj+1

(6)

hj =


2 The Farey series is defined to be in the interval [0,1] for theoretical reasons. It is easy
to see that the Farey series “repeats”—each rational number h/k in [0,1] has a counterpart
(ik + h)/k in any interval bounded by two consecutive integers, [i, i + 1]. Thus, information
about the distribution of the Farey rational numbers in [0,1] gives complete information about
the distribution everywhere, which is why mathematicians are only interested in the interval
[0,1]. In this article, we do abuse the proper nomenclature somewhat and refer to terms
outside the interval [0,1] as Farey terms. We’d like to assure readers that this abuse is not
harmful, and that all of the results presented in this article apply for all non-negative rational
numbers.
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Figure 1: Graphical Interpretation Of Rational Numbers h/k That Can Be
Formed With h ≤ HM AX And k ≤ KM AX
Note that the derivation of equations (3) through (6) absolutely requires that
the rational numbers used as input be irreducible, and absolutely guarantees
that the result produced will be irreducible.
Using the above equations, we can build the ordered set of irreducible rational numbers with a certain maximum denominator, starting at any integer. At
an integer i in the Farey series of order N , i/1 and (iN + 1)/N are always two
consecutive Farey terms. Thus, equations (3) through (6) can be used to build
as many terms as needed in either direction, starting at any convenient integer.

Rectangular Regions
The previous section showed that if only the denominator is constrained, k ≤
KM AX, the ordered set of irreducible rational numbers that can be formed is
the Farey series of order KM AX. However, it isn’t intuitively obvious what set
of rational numbers can be formed when both the numerator and denominator
are constrained.
The complete set of rational numbers that can be formed subject to the constraints h ≤ HM AX and k ≤ KM AX has a convenient and intuitive graphical
interpretation (Fig. 1). In Fig. 1, each dot corresponds to a rational number—
not necessarily irreducible—that can be formed with h ≤ 3 and k ≤ 5.
With a little thought, the following properties are apparent:
• The value of the rational number h/k is monotonic with respect to the
angle of the ray drawn from the origin to the corresponding dot. h/k =
tan θ, and θ = tan−1 h/k.
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Figure 2: Graphical Method Of Constructing Set Of Irreducible Rational Numbers h/k That Can Be Formed With h ≤ HM AX And k ≤ KM AX
• Only irreducible rational numbers have dots that are directly visible from
the origin (without an intervening dot).
• The complete ordered set of irreducible rational numbers that can be
formed can be graphically constructed by sweeping a ray from the origin
starting at θ = 0 through the angles 0 ≤ θ < π/2 and recording the
coordinates of each dot directly visible from the origin.
Fig. 2 illustrates the process of graphical construction. In the ﬁgure, a ray
is drawn from the origin to each dot that can be reached without an intervening
dot. The dots are labeled with the irreducible rational numbers they represent.
The strength of Figs. 1 and 2 is that they show clearly how to deal with
the constraint on the numerator, h ≤ HM AX. As we sweep a ray from the
origin through the angles 0 ≤ θ ≤ tan−1 3/5 (i.e., up to the corner point), it is
clear that the dots directly visible from the origin are simply the terms of F5 .
However, for the angles tan−1 3/5 < θ < π/2 (i.e., after the corner point), it is
clear that a diﬀerent series is involved, since many of the terms of F5 are not
available.
From symmetry in Figs. 1 and 2, it is clear that after the corner point, we
are encountering the terms of F3 , but inverted (i.e., their reciprocals) and in
the reverse order. (Imagine exchanging axes in the ﬁgures.) Thus, it is clear
that the ordered set of irreducible rational numbers that can be formed subject
to the constraints h ≤ 3 and k ≤ 5 is a portion of F5 concatenated with the
reciprocals of the reverse-ordered terms in a portion of F3 . This observation
suggests an algorithm for generating the complete ordered set of irreducible
4

rational numbers that can be formed subject to the constraints h ≤ HM AX
and k ≤ KM AX, which we present as Algorithm 1.
Algorithm 1—Algorithm For Constructing Ordered Set Of Irreducible Rational
Numbers In A Rectangular Region Of The Integer Lattice
• Build FKMAX from 0/1 through HM AX/KM AX (or its reduced equivalent), using equations (3) and (4). (In Figs. 1 and 2, these are the dots
up through the corner point.)
• Build FHMAX from 1/HMAX through KM AX/HM AX (or its reduced
equivalent), using equations (3) and (4). Take the reciprocal of each term,
and reverse the order of the terms. (In Figs. 1 and 2, these are the dots
after the corner point.)
• Concatenate the results from the two steps above.
For example, to build the ordered set of irreducible rational numbers shown
in Figs. 1 and 2 (HM AX = 3, KM AX = 5) using Algorithm 1, ﬁrst build F5
from 0/1 through HMAX/KMAX:

F5 =

0 1 1 1 2 1 3
, , , , , , ,...
1 5 4 3 5 2 5


.

(7)

Then build F3 from 1/HMAX to KMAX/HMAX:

F3 =



1 1 2 1 4 3 5
... , , , , , , , ,... ,
3 2 3 1 3 2 3

(8)

and invert and reverse the order of the terms in F3 to yield

F3 =


3 2 3 1 3 2 3
... , , , , , , , ,... .
5 3 4 1 2 1 1

(9)

Finally, concatenate equations (7) and (9) to yield equation (10), the complete set of irreducible rational numbers that can be formed subject to the
constraints h ≤ 3 and k ≤ 5.

F5,3 =

0 1 1 1 2 1 3 2 3 1 3 2 3
, , , , , , , , , , , ,
1 5 4 3 5 2 5 3 4 1 2 1 1


.

(10)

Note most importantly that Algorithm 1 reduces a problem with two constraints (h ≤ HM AX and k ≤ KM AX) to a problem with one constraint,
solved twice. Thus equations (3) through (6) can be applied to easily generate
all of the irreducible rational numbers that can be formed under the constraints
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h ≤ HM AX and k ≤ KM AX. Since Algorithm 1 provides a way to generate, in order, all of the irreducible rational numbers with a certain maximum
numerator and denominator, it also provides a way to ﬁnd the two rational
numbers that enclose the number (r) we are trying to approximate. We can
simply generate rational numbers, in order, until r is enclosed.
It is also noteworthy that F3 and F5 (the examples used so far) are trivial, and most readers can construct these Farey series in their head. Naturally,
the real power of equations (3) through (6) is that these relationships give a
closed-form way to construct higher-order Farey series, such as F255 , F65,6535 ,
and F4,294,967,295 —the most typical Farey series encountered in embedded microcontroller software.

The Continued Fraction Algorithm
When Farey series of small order (HM AX and KM AX of several hundred or
less) are involved, the techniques presented so far are adequate for ﬁnding best
rational approximations. It is very easy and practical to construct a simple
computer program to generate in order all irreducible rational numbers that
meet the constraints and then choose the two that enclose r. This is a practical
technique because the number of rational numbers that need to be constructed
under the constraints will be several hundred thousand at most.
However, when Farey series of higher order are involved, the techniques
presented so far are not adequate. A result from number theory is that a Farey
series of order N contains about 3N 2 /π 2 terms. With powerful microcontrollers
that have machine instructions to multiply and divide very large integers, it may
be necessary to ﬁnd best rational approximations in the Farey series of up to
order 232 − 1. A simple calculation would show that in the Farey series of
order 232 − 1, enumeration of all the rational numbers between two consecutive
integers would require at least tens of thousands of years, even for the fastest
personal computer. We need to develop a technique that doesn’t involve sifting
through all available choices.3
An elegant O(log N ) solution is available from the study of continued fractions, and we present this solution as Algorithm 2. Because the solution is
O(log N ), it can be applied to ﬁnd best rational approximations even in Farey
series of very large order, and it can easily be applied by hand if necessary.
A ﬁnite simple continued fraction is a fraction of the form
3 To be more precise about it . . . constructing (or linearly searching) F
N between two
consecutive integers is O(N 2 ). There are several refinements that will lead to an O(N ) algorithm, but even an O(N ) algorithm isn’t acceptable for the Farey series of order 232 − 1. The
continued fraction algorithm that we present as Algorithm 2 is O(log N ).
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1

a0 +

(11)

1

a1 +

1

a2 +

... +

1
an

where a0 is a non-negative integer and each of the other coeﬃcients a1 , a2 , . . . , an
is a positive integer. Algorithm 2 works by obtaining the continued fraction
representation of the number rI to which we’d like to obtain a best rational
approximation.
With very little further ado or explanation, we present Algorithm 2. Note
in the algorithm that the integers ak calculated are the coeﬃcients in equation
(11) of the continued fraction representation of a/b. Note also that the rational
numbers pk /qk calculated are called the convergents 4 of the continued fraction.
Algorithm 2—Continued Fraction Algorithm For Finding Best Rational Approximations
• Express the number to which best rational approximations are needed, r,
as a rational number a/b with a high degree of precision (far more precision
than is needed for the approximation). This rational number a/b does not
have to be reduced. The most practical technique in most cases is to
choose a to be the digits from the display of a pocket calculator (without
the decimal point), and b to be a power of ten to place the decimal point
correctly. For example, to approximate π, choose a/b = 314,159,265,359
/ 100,000,000,000.
• Determine whether r > HM AX/KM AX. (If r > HM AX/KM AX, it
is beyond the “corner point” in the sense suggested by Fig. 1.) If r <
HM AX/KM AX, proceed with M AX = KM AX and a/b = r. However,
if r > HM AX/KM AX, we must proceed with M AX = HM AX and
a/b = 1/r. We will then need to use the reciprocals of the results produced
by the rest of the algorithm.
• Make the following initial variable assignments:
k := −1
divisor−1 = a
remainder−1 = b
4 Convergents have many special properties not mentioned in this article. For example, the
convergents pk /qk alternate on both sides of a/b and get ever-closer. It is also a property
that for any convergent pk /qk , there is no rational number with a smaller denominator that is
closer to a/b. We should also mention that all convergents are provably irreducible, and that
the result obtained from equation (12) will also be provably irreducible. The final convergent
(if Algorithm 2 is carried out until a zero remainder) will be a/b in lowest terms.
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p−1 = 1
q−1 = 0
• REPEAT
k := k + 1
dividendk := divisork−1
divisork := remainderk−1
ak := dividendk DIV divisork
remainderk := dividendk M OD divisork
IF (k = 0) p0 := a0 = rI  ELSE pk := ak pk−1 + pk−2
IF (k = 0) q0 := 1 ELSE qk := ak qk−1 + qk−2
UNTIL (remainderk = 0 OR qk > M AX)
• If the loop terminates without ﬁnding qk > M AX, the rational number
a/b was already in the set of rational numbers that could be formed under
the constraints (but perhaps a/b was not reduced and so this was not
obvious). In this case, use the ﬁnal pk /qk as a best rational approximation,
as this is the reduced form of a/b.
• If the loop terminates with qk > M AX, the number a/b was not already
in the set of rational numbers that could be formed under the constraints.
In this case, pk−1 /qk−1 is one best approximation under the constraints
to a/b, and the other best approximation is

N − qk−2
pk−1 + pk−2
qk−1


.
N − qk−2
qk−1 + qk−2
qk−1



(12)

A Design Example
We present one design example to illustrate the method. Assume we wish
to rationally approximate 1/π and π on a microcontroller that has machine
instructions to multiply by integers as large as 10,000, and divide by integers
as large as 20,000 (thus HM AX = 10,000 and KM AX = 20,000). For the
example, we will ﬁnd the best rational approximations to 1/π and π under
these constraints.
The ﬁrst step in Algorithm 2 is to express the number we’d like to approximate as a rational number of high precision. A typical scientiﬁc calculator supplies 3.14159265359 as π, so we’ll use the rational number a/b = 314,159,265,359
/ 100,000,000,000 as the value of π and a/b = 100,000,000,000 / 314,159,265,359
as the value of 1/π.
We note that 1/π < HM AX/KM AX (i.e., below the corner point), so
all of the terms of F20,000 are available to choose as rational approximations.
Applying the numerical steps in Algorithm 2 yields Table 1.
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Table 1: Application Of Algorithm 2, Using a/b = 100,000,000,000 /
314,159,265,359 As The Value Of 1/π
Index

dividendk

divisork

ak

remainderk

pk

qk

-1

N/A

100,000,000,000

N/A

314,159,265,359

1

0

0

100,000,000,000

314,159,265,359

0

100,000,000,000

0

1

1

314,159,265,359

100,000,000,000

3

14,159,265,359

1

3

2

100,000,000,000

14,159,265,359

7

885,142,487

7

22

3

14,159,265,359

885,142,487

15

882,128,054

106

333

4

885,142,487

882,128,054

1

3,014,433

113

355

5

882,128,054

3,014,433

292

1,913,681

33,102

103,993

(k)

Note in Table 1 that the algorithm is applied only until qk exceeds the maximum denominator M AX = KM AX = 20, 000. Note also that at termination,
k = 5.
By Algorithm 2, pk−1 /qk−1 = 113/355 is one best approximation to 1/π
under the constraints. Applying equation (12) (with k = 5 and M AX = 20, 000)
to obtain the other best approximation yields 6,321/19,858.
Obtaining the best approximations to π subject to h ≤ 10, 000 and k ≤
20, 000 is a less intuitive process. Note that π > HM AX/KM AX (i.e., above
the corner point), so we must ﬁnd the two best approximations to 1/π in the
Farey series of order HM AX = 10, 000, and then take the reciprocals of these
two best approximations.
To ﬁnd the best approximations to 1/π in F10,000 , Table 1 can be reused.
As before, Algorithm 2 would terminate with k = 5, because q5 = 103, 993
is the ﬁrst value of q with a denominator greater than 10, 000. As before
pk−1 /qk−1 = 113/355 is one best approximation to 1/π. Applying equation
(12) (with k = 5 and N = 10, 000) to obtain the other best approximation
yields 3,157/9,918. Calculating the reciprocals of these two best approximations to 1/π yields 355/113 and 9,918/3,157 as the two best approximations to
π, subject to the constraints h ≤ 10, 000 and k ≤ 20, 000.

Software Solutions
Software and Excel spreadsheets to perform the calculations described in this article are available for free download from the Internet at www.embedded.com/code.html.
The spreadsheets FAREY FORWARD.XLS and FAREY BACKWARD.XLS build the Farey
series forward and backward from an integer, using equations (3) through (6).
The spreadsheet CF METHOD.XLS implements the continued fraction algorithm
presented. These spreadsheets are believed to correctly operate in Farey series
up to order at least 224 .
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More ﬂexible and powerful software named The Iju Tool Set is distributed
at the URL ijutools.sourceforge.net. This tool set includes a statically
linked version of Wish (the classic Tcl/Tk interpreter) called IjuConsole, with
arbitrary-size integer extensions built in. IjuConsole will operate in the Farey
series of up to at least order 101000 (but probably much higher). For example,
entering the command
arbint brap [arbint const pi 1000] 1e20 1e20
will result in the output
2646693125139304345/842468587426513207,
which is the best rational approximation to π with numerator and denominator
not exceeding 1020 . All of the available commands are documented in the book
accompanying the tool set.
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